The results reported in this contribution were obtained in collaboration with Patrick Huet [1] . More than half of the talk will be independent of the overlap formalism. To present our ideas in the simplest context possible we start directly from an example. Consider a U (1) chiral model, defined on a two dimensional torus:
The q α,β R,L are integers subjected to the anomaly cancelation condition
Since we are on a torus, 1 2π
All integers can appear, but no other values are allowed. This implies that the scale of the gauge field is fixed and consequently the magnitudes of the charges have absolute meaning. Focus on a single right-handed Weyl fermion of unit charge. The Dirac-Weyl differential operator is: 
This information alone implies
If one thinks in matrix terms the differential operator W R must be viewed as a rectangular (as opposed to square) matrix. While the matrix is infinite the distinction still makes sense since it refers to the difference between the number of rows and columns. When W R is replaced by W † R the rows and columns are interchanged. Suppose we tried to force, by picking a lattice regularization (or any other method of truncating the space W R acts on) a square shape on W R . The most likely outcome of this brute force approximation of W R would be that the square shape would be used to accommodate representatives of not one continuum W R but two continuum differential operators, one of type W R and the other of type W † R . The two rectangular shapes would combine to fit snuggly into the allotted square.
In the action W R appears sandwiched between aψ and a ψ. A square shape for a regularized W R implies simply an equal number ofψ's and ψ's. The previous paragraph indicates that in a topologically nontrivial background one will most likely find two sets of Weyl fields (or a larger even number) making up together a Dirac fermion (or several). So in nontrivial topology we are led to expect (in)famous doubling.
On the other hand, on a lattice the link variables can be smoothly deformed to connect "zero topology" to "non-zero topology" gauge configurations. Thus doubling is there, no matter what the background is.
Of course, doubling is an old story; what we wanted to show is that as long as one keeps an equal number ofψ and ψ Grassmann integration variables on the lattice the number of physical fermions is likely to be doubled. This cannot be fixed by simply including oneψ more than the ψ's, say; the number ofψ excess we need is background dependent. It looks like we are in trouble because we cannot write down a functional integral as long as we don't know how many integration variables we have to use. Clearly this story hinges on us being able to tell apart aψ from a ψ. This is related to being able to distinguish a particle from its anti-particle. But, we could use Majorana-Weyl fermions instead, and in this basis the differences between particles and anti-particles are not notationally apparent.
Let us change variables from one Weyl fermion, ψ L (left-handed this time) to two Majorana-Weyl fermions:ψ
We get an SO(2) doublet interacting with an SO(2) gauge field. However, now, W † mL = −W * mL and dim[Ker(W mL )] = dim[Ker(W † mL )]! It would seem that W mL can be represented by a square and our problem went away by changing notation, but this cannot be true. The fermion number conservation in the classical Lagrangian has just been obscured by the new notation.
The above exercise indicates that the argument we used to convince ourselves that an indefinite number ofψ,ψ integration variables is needed might not be that general. In particular, what would happen if we had some other irreducible Majorana-Weyl multiplet in a (real) representation of some gauge group ? We shall see that even then there exists an argument forcing us to look for a representation of the functional integral containing an indefinite number of fermion fields.
The basic point is that the parity of the number of zero modes of W mL is a topological invariant. Somewhere in the vast index literature this mod(2) index should be mentioned, but we have been unable to locate a specific source. We can therefore refer only to our own paper [1] .
is a topological invariant essentially because W mL is skew symmetric. If we again visualize the differential operator W mL as a matrix the latter would be antisymmetric. The mod(2) index simply tells us whether the matrix has an odd or even dimension. This makes sense even for an infinite matrix because the rank of an antisymmetric matrix is always even, so the parity of its dimension is the parity of the dimension of the kernel of the operator and the kernel is finite dimensional. The index monitors whether the number of Grassmann integration variables is even or odd. This parity depends on the gauge field. So we again face a difficulty because we can't decide a priori how many Grassmann variables there are.
In the continuum, for a multiplet of Weyl fermions carrying a real representation, the fermion integral factorizes for any background into two isomorphic Majorana multiplets: The Majorana-Weyl determinant becomes the fourth root of the corresponding Dirac determinant.
